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Abstract: We compute the class of the compactified Hurwitz divisor 1D\d in A^2d-3 con- 
sisting of curves of genus g = 2^3 having a pencil g\ with two unspecified triple ramification 
points. This is the first explicit example of a geometric divisor on M.g which is not pulled-back 
form the moduli space of pseudo-stable curves. We show that the intersection of T9ld with the 
boundary divisor Ai in Al^ picks-up the locus of Fermat cubic tails. 

1. Introduction 

Hurwitz loci have played a basic role in the study of the moduli space of curves 
at least since 1872 when Clebsch, and later Hurwitz, proved that M-g is irreducible by 
showing that a certain Hurwitz space parameterizing coverings of is connected (see 
|Hu|| , or |Fu2ll for a modern proof). Hurwitz cycles on Mg are essential in the work 
of Harris and Mumford I1HM| on the Kodaira dimension of Aig and are expected to 
govern the length of minimal affine stratifications of M-g. Faber and Pandharipande 
have proved that the class of any Hurwitz cycle on Mg^n is tautological (cf. |£PJ). Very 
few explicit formulas for the classes of such cycles are known. 

We define a Hurwitz divisor in Mg with n degrees of freedom as follows: We fix 
integers /ci , . . . , A;„ > 3 and positive integers d, g such that 

^1 + ^2 H h A;„ = 2(i - 5r + n - 1. 

Then Tig-, ki,...,k„ is the locus of curves [C] G Mg having a degree d morphism / : C ^ P^ 
together with n distinct points pi , . . . , p„ G C such that multp. (/) > ki for i = 1, . . . , n. 
When n = and g = 2d — 1, we recover the Brill-Noether divisor of d-gonal curves 
studied extensively in |IHMI . For n = I we obtain Harris' divisor Hg-, k of curves having 

a linear series C ^ P^ with ak = {2d — g + l)-fold point, cf. |H1. If n = 1 and d = g — 1 
then Tig; g-i specializes to S. Diaz's divisor of curves [C] G Mg having an exceptional 
Weierstrass point p G C with h^{C, Oc{{g - l)p)) > 1 (cf. fOTl). 

Since 'Hg;ki,...,k„ is the push-forward of a cycle of codimension n + 1 in Mg^n, as 
n increases the problem of calculating the class of Hg-k-^^^^^^kn becomes more and more 
difficult. In this paper we carry out the first study of a Hurwitz locus having at least 2 
degrees of freedom, and we treat the simplest non-trivial case, when n = 2, ki = k2 = 3 
and g = 2d — 3. Our main result is the calculation of the class of 1d\d '■= 'H2d-3: 3,3- As 
usual we denote by A G Fic{Mg) the Hodge class and by 5o, • • • , ^[g/2] G Pic(A^3) 
codimension 1 classes on the moduli stack corresponding to the boundary divisors of 
Mg: 
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Theorem 1.1. We fix d>3 and denote by 19\d the locus of curves [C] G M2d-3 having a cov- 
ering C ^ with two unspecified triple ramification points. Then 19^^ is an effective divisor 
on M2d~3 ind the class of its compactification TD^rf inside A^2d-3 is given by the formula: 

= 2^^^|yT(" A - 6o <5o - 6i (5i bd-2 h-2) G Vic{M2d-3), 

where 

a = 24(36d^ - 36(i^ - 640^^ + 1885 - 1475), 60 = 144d^ - 528(i^ - 298^^ + 3049(i - 2940, 
and bi = m{2d - 3 - i)(36(i^ - 156^^ + 180d - 5), for l<i<d-2. 

The divisor is also the first example of a geometric divisor in Aig which 
is not a pull-back of an effective divisor from the space M."^^ of pseudo-stable curves. 
Precisely, if we denote by i? C Mg the extremal ray obtained by attaching to a fixed 
pointed curve [C, q] of genus g — 1 a pencil of plane cubics, then R ■ X = I, R ■ 6q = 12, 

R-5i = -1 andR-Sa = Ofor a > 2. \{5 := 6o-\ \-^[g/2] £ Pic{Mg) is the total boundary, 

there exists a divisorial contraction of the extremal ray R C Ai C M.g induced by the 
base point free linear system | llA — (5| on Mg, 

f:Mg^Mf. 

The image is isomorphic to the moduli space of pseudo-stable curves as defined by D. 
Schubert in [Si- A curve is pseudo-stable if it has only nodes and cusps as singularities, 
and each component of genus 1 (resp. 0) intersects the curve in at least 2 (resp. 3 points). 
The contraction / is the first step in carrying out the minimal model program for Aig, 
see LHHJ. One has an inclusion f*{Eff{M^^)) C Eff{Mg). All the geometric divisors 
on Aig whose class has been computed (e.g. Brill-Noether or Gieseker-Petri divisors 
[EH], Koszul divisors [FalJ, [Fa2], or loci of curves with an abnormal Weierstrass point 
IPi]), lie in the subcone /*(Eff(A^f )). The divisor behaves quite differently: If 
i : Ai = A^i,i X ^ A4g denotes the inclusion, then we have the relation 

r(T^rf) = a-{j = 0} xMg-i^i +Mi,i X D = a • {Fermat cubic} xMg-i^i +Mi,i x D, 

where a := I^P^^Zs)! ^r^d Z)C7Wg_i^iisan explicitly described effective divisor. Hence 

when restricted to the boundary divisor Ai c A4g of elliptic tails, picks-up the 
locus of Fermat cubic tailsl 

The rich geometry of T9\d can also be seen at the level of genus 2 curves. We 
denote by x ■ -^2,1 —>■ -A^2d-3 be the map obtained by attaching a fixed tail [B, q] of 
genus 2(i — 5 at the marked point of every curve of genus 2. Then the pull-back under 
X of every known geometric divisor on Al2,i is a multiple of the Weierstrass divisor W 
of M2,i (cf. [HMj, IIEH| , IIFaHl ). In contrast, for 191^ we have the following picture: 

Theorem 1.2. Ifx ■ A^2,i M.g is as above, we have the following relation in Pic(A^2,i)' 
X*(fl^d) = Ni{d) -W + e{d,2d - f>) ■Vi + a{d-l,2d-5)-V2 + a{d,2d-5) -V^, 
where W := {[C,p] e A42,i : p E C is a Weierstrass point}, 
Vi ■= {[C,p] e M2,i : 3x e C - {p} such that 3x = 3p}, 
V2 := {[C,p] e M2,i ■■ 31 G Gl{C),x^ y G C-{p} with a[ix) > 3,a[{y) > 3, a[ip) > 2}, 
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and 

:= {[C,p] e M2,i ■■ 3/ G Gl{C),x^ y G C-{p} with a[{p) > 4, a[{x) > 3, a{{y) > 3}. 

The constants Ni{d), e{d,2d — 5),a{d,2d — 5),a{d — l,2d — 5) appearing in the 
statement are explicitly known and defined in Proposition 12.11 We used the notation 
a[{p) := multp(/), for the multiplicity of a pencil / G G'^(C) at a point p G C. The classes 
of the divisors Pi, P2, ^3 on M2A are determined as well (The class of W is of course 
well-known, see [EHJ): 

Theorem 1.3. One has the following formulas expressed in the basis {ip, A, 6q} o/Pic(A42,i).' 
Vi = 80V' + 10(5o - 120A, V2 = 160V' + 17(^o - 200A, 
and V3 = 640V' + 726o - 860 A. 

Acknowledgment: I have benefitted from discussions with R. Pandharipande (5 years 
ago!) on counting admissible coverings. 

2. Admissible coverings with two triple points 

We begin by recalling a few facts about admissible coverings in the context of 
points of triple ramification. Let H^J be the Hurwitz space parameterizing degree d 
maps [f : C ^ P\ gi, 52 ••• ,P6d-i2], where [C] G M2d-3, qi,q2,Pi, ■ ■ ■ ,P6d^i2 are 
distinct points on P^ and / has one point of triple ramification over each of qi and 
q2 and one point of simple ramification over pi for 1 < i < 6d — 12. We denote by 

— tr 

the compactification of the Hurwitz space by means of Harris-Mumford admissible 
coverings (cf. P HM| , |ACVII and IDi] Section 5; see also [BRJ for a survey on Hurwitz 

— tr 

schemes and their compactifications). Thus is the parameter space of degree d maps 

[f : X R,qi,q2;pi,... ,Ped-i2], 

where [R,qi,q2;pi, ■ ■ ■ ,^6^-12] is a nodal rational curve, X is a nodal curve of genus 
2d — 3 and / is a finite map which satisfies the following conditions: 

• / ^{Rrcg) = ^rcg and / ^(i?sing) = ^sing- 

• / has a point of triple ramification over each of qi and q2 and simple ramification over 
Pi,--- ,P6d-i2- Moreover / is etale over each point in R,.cg - {qi,q2,Pi, - - - ,P6d-i2}- 

• If X G Xsing and x £ Xi n X2 where Xi and X2 are irreducible components of X, then 
f{Xi) and /(X2) are distinct components of R and 

mult,{/|xi : Xi ^ f{Xi)} = mult,{/,x, : X2 ^ /(X2)}. 

— tr 

The group ©2 x ©6^-12 acts on by permuting the triple and the ordinary 
ramification points of / respectively and we denote by Sjd '■= x &Gd-i2 for 

the quotient. There exists a stabilization morphism a : Sja —>■ M.g as well as a finite 
map (3 : S)d ^ -Mo^ed-io- The description of the local rings of can be found in 
IIHMi pg. 61-62 or IIBRI and will be used in the paper. In particular, the scheme Ti^ is 
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smooth at points [/ : X R,qi,q2;pi, . . . ,Ped-i2] with the property that there are no 
automorphisms cf) : X X with / o = /. 



2.1. The enumerative geometry of pencils on the general curve. We shall determine 
the intersection multiplicities of with standard test curves in A^^. For this we need 
a variety of enumerative results concerning pencils on pointed curves which will be 
used throughout the paper. For a point p e C and a linear series I G GJ^(C), we denote 
by 

a^{p) : (0 < a[)(p) < a[{p) < . . . < a[{p) < d) 

the vanishing sequence of I ai p. If / G G\{C), we say that p G C is an n-fold point if 
l{—np) 7^ 0. We first recall the results from flHM) Theorem A and IHl Theorem 2.1. 

Proposition 2.1. Let us fix a general curve [C, p] G and an integer d>2d — g — 1>0. 
• The number of pencils L G W}{C) satisfying h^{L Oc{—{2d — g — l)p)) > 1 equals 



aid,g) ■.= {2d-g-l)- 



'd\ {g-d + l)\ 

The number of pairs {L, x) G W}{C) x C satisfying h^{L Oc{—{2d — g)x)) > 2 equals 



h{d,g) ■.= (2d-g-l){2d-g){2d-g + V ^' 



di {g-dy: 



• Fix integers a,P > 1 such that a + (5 = 2d — g. The number of pairs {L, x) G W}{C) x C 
satisfying h^{L ® Oc{—Pp — jx)) > 1 equals 



c(d,5,7) := il\2d-g)-^) 



The number of pairs {L, x) G W}{C) x C satisfying the conditions 

h°{L (g> Oc{-(2d -g- 2)p)) > 1 and h^{L ® Oc{-'ix)) > 1 equals 



e{d,g) :-- 



5! o 5! 



{d - 3)1 {g-d + 2)1 d\ {g - d - 1)1 



We now prove more specialized results, adapted to our situation of counting pen- 
cils with two triple points: 

Proposition 2.2. (1) We fix d > 3 and a general 2-pointed curve [C,p,q] G M.2d~&- The 
number of pencils I G G\{C) having triple points at both p and q equals 



F{d) := {2d -6)1 ( 



(d-3)!2 d\{d- 6)1 



(2) For a general curve [C] G A42d-4, the number of pencils I G G\{C) having triple ramifica- 
tion at unspecified distinct points x,y ^ C, equals 

_ 48(6^2 - 28d + 35) (2d -4)! 
^ ^ d\ (d-3)! ■ 
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(3) We fix a general pointed curve [C,p] G A^2d-5.i- The number of pencils L G W\{C) 
satisfying the conditions 

h^{L ® Oci-2p)) > 1, /i°(L Oc{-3x)) > 1, h^{L (g) Oc{-3y)) > 1 

for unspecified distinct points x,y E C, is equal to 

Ni(d) := 24(12^3 - 92^2 + 240d - 215) i^,^,"^^' 

a! (a — 2)1 

Remark 2.3. In the formulas for e{d, g) and F{d) we set 1/n! := for n < 0. 

Remark 2.4. As a check, for d = 3 Proposition 12.21 (2) reads A''(3) = 80. Thus for a 
general curve [C] G M.2 there are 160 = 2-80 pairs of points (x, y) G C x C, x / y, such 
that 3x = 3y. This can be seen directly by considering the map ip : C x C ^ Pic''(C) 
given by 'il^{x,y) := Oc{3x - 3y). Then V*(0) = i a cj) = 2 • 3^ • 3^ = 162, 

where is a differential form representing 9. To get the answer to our question we 
subtract from 162 the contribution of the diagonal A C C x C. This excess intersection 
contribution is equal to 2 (cf. [Di]), so in the end we get 160 = 162 — 2 pairs of distinct 
points (x, y) G C X C with 3x = 3y. 



Proof. (1) This is a standard exercise in limit linear series and Schubert calculus in the 
spirit of lEHI . We let [C,p, q] G M2d-6,2 degenerate to the stable 2-pointed curve [Co := 
F^UEiU. . ■l-)E2d-e,Po,qo], consisting of elliptic tails {-Eij^f^^ and a rational spine, such 
that {pi} = EiC] P^, and the marked points po, qq lie on the spine. We also assume that 
Pi,... ,P2d-6,Po, qo G are general points, in particular po,qo £ - {pi, . . . ,p2d-6}- 
Then F{d) is the number of limit g^s on Co having triple ramification at both pQ and 
qo and this is the same as the number of g^'s on having cusps at , . . . , P2d-6 and 
triple ramification at po and go- This equals the intersection number of Schubert cycles 
cr^Q 2)^^o (computed in //*°p(G(1, d),Z)). The product can be computed using formula 
(v) on page 273 in IIFulll and one finds that 

^(0,2) ^'ti) = - 6)' ijd^ - d\ id-6y) ■ 

(2) This is more involved. We specialize [C] G A^2d-4 to [Cq := P^ U U . . . U E2d-4], 
where Ei are general elliptic curves, {pi} = P^ n and pi, . . . ,P2d-4 £ P^ are general 
points. Then N{d) is equal to the number of limit g^'s on Cq with triple ramification at 
two distinct points x, y G Cq. Let / be such a limit g\. We can assume that both x and 
y are smooth points of Co and by the additivity of the Brill-Noether number (see e.g. 
lEHJ pg. 365), we find that x, y must lie on the tails Ei. Since [Ei,pi] G is general, 
we assume that j{Ei) ^ (that is, none of the Eis is the Fermat cubic). Then there can 
be no li G G\(Ei) carrying 3 triple ramification points. There are two cases we consider: 

a) There are indices \ <i<i<2d — A, such that x £ Ei and y G Ey Then a'^^ (pj) = 
'^'^^ (Pj) = (t^ — 3, (£), hence 3x = 3pj on Ei and 3y = 3pj on Ey There are 8 choices 
for X G Ei, 8 choices for y G E^ and (^^^2^^) choices for the tails Ei and E^ containing 
the triple points. On P^ we count g^s with cusps at {pi, . . . ,^2^-4} — {piiVj] and triple 
points at pi and pj . This number is again equal to ct?q 2) "^m if ^ ff*"? (G ( 1 , d) , Z) and we 
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get a contribution of 

(1) 64p^-'V^o,2)« = 32(2d-4)!^ ' ' 



2 ;"(o,2) "(0,1) - -^-v- - ^J- - d! (d - 6)!. 

b) There is 1 < i < 2(i — 4 such that x,y G £^j. We distinguish between two subcases: 

bi) al'^^i (pi) = {d — 3,d — 1). On we count 5^_i's with cusps at pi, . . . ,P2d-4 and this 
number is ^''^q 7)^ (in H^°^{G{1, d — 1),Z)). On Ei we compute the number of 03 's having 
triple ramification at unspecified points x,y G Ei — {pi} and ordinary ramification at 
Pi. For simpUcity we set [Ei,pi] := [E,p]. If we regard p € E as the origin of E, then 
the translation map (x, y) ^ {y — x, —x) establishes a bijection between the set of pairs 
{x,y) G ExE — A, x^pj^yj^x, such that there is a gg in which x,y,p appear 
with multiplicities 3, 3 and 2 respectively, and the set of pairs {u,v) £ E x E — A, with 
u p V u such that there is a 03 in which u, v,p appear with multiplicities 3, 2 and 
3 respectively. The latter set has cardinality 16, hence the number of pencils 53 we are 
counting is 8 = 16/2. All in all, we find a contribution of 

(2) 8(2rf-4).^J- = 16(';^_-;^ 

62) a'^» {pi) = (d — 4, d). This time, on we look at g^s with cusps at {pi, . . . ,P2d-A} — 
{pi} and a 4-fold point at pi. Their number is o-(o,3) (7"^^^^^ G F*°p(G(1, d), 1)). On Ei we 

compute the number of 04 's for which there are distinct points x,y £ Ei — {p.i} such that 
Pi,x,y appear with multiplicities 4, 3 and 3 respectively. Again we set [Ei,pi] := [E,p] 
and denote by S the closure in x £' of the locus 

{{u,v) e E X E - A : 31 e Gl{E) such that a{{p) = 4, a{{u) > 3, a{{v) > 2}. 

The class of the curve S can be computed easily. If Fi denotes the numerical equivalence 
class of a fibre of the projection Hi : E x E E for i = 1,2, then 

(3) S = lOFi + 5F2 - 2 A. 

The coefficients in this expression are determined by intersecting S with A and the 
fibres of vrj. First, one has that T, n A = {{x,x) ^ E x E : x ^ p, Ap = Ax} and then 
S n 7r^^(p) = {{y,p) G E X E : y ^ p, 3p = 3y}. These intersections are all transversal, 
hence S • A = 15, E • F2 = 8, whereas obviously S • Fi = 3. This proves 

The number of pencils / C \Oe (4p) | having two extra triple points will then be 
equal to 1/2 # (ramification points of 7r2 : S ^ = 11^/2 = 20. We have obtained in 
this case a contribution of 



(4) 20(2d - 4) (7(0,3) '^m n = §0 



2d- 

(0,3) « (0,1) -o^l ^ 



Adding together ([B/lIZll and iSJ, we obtain the stated formula for N{d). 

(3) We relate Ni{d) to N{d) by specializing the general curve from M-2d-4 to [C Up E] G 
Ai c A42d-4, where [C,p] G M2d-5,i and [E,p] G A^i,i. Under this degeneration N{d) 

becomes the number of admissible coverings f : X R having as source a nodal 
curve X stably equivalent to C Up and as target a genus nodal curve R. Moreover, / 
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possesses distinct unspecified triple ramification points x,y £ Xj-cg. There are a number 
of cases depending on the position of x and y. 

(3a) x,y e C — {p}. In this case deg(/c) = d and because of the generality of [C,p], 
fc has to be one of the finitely many g^s having two distinct triple points and a simple 
ramification point at p G C. The number of such coverings is precisely Ni{d). By the 
compatibility condition on ramification indices at p, we find that deg(/£;) = 2 and the 
-E-aspect of / is induced by \ Oe{2p)\. The curve X is obtained from CUpEhy inserting 
d — 2 copies of at the points in /^^(/(p)) — {p}- We then map these rational curves 
isomorphically to f{E). This admissible cover has no automorphisms and it should be 
counted with multiplicity 1. 

(3fe) x,y e E — {p}. The curve [C] € A^2d-5 being Brill-Noether general, it carries no 
linear series B^_2' hence deg(/c) > d — 1. We distinguish two subcases: 

If deg(/c) = d — I, then fc is one of the a{d — l,2d — 5) linear series on C 
having p as an ordinary ramification point. Since C and E meet only at p, we have that 
deg(/E) = 3, and fs corresponds to a flg on having two unspecified triple points and 
a simple ramification point at p. There are 8 such gg's on E (see the proof of Proposition 
I2.2|) . To obtain a degree d admissible covering, we first attach a copy (P^)i of to E 
at the point q G f^^ifip)) — {p}, then map (P^)i and C map to the same component of 
R. Then we insert d — 2 copies of P^ at the points lying in the same fibre of fc as p. All 
these rational curves map to the same copy of R as E. Each of these 8a{d — 1, 2d — 5) 
admissible coverings is counted with multiplicity 1. 

If deg(/c) = d, then fc corresponds to one of the a{d, 2d — 5) linear series 
with a 4-fold point at p. By compatibility, fs corresponds to a g4 in which p and two 
unspecified points x,y £ E appear with multiplicities 4, 3 and 3 respectively. There are 
20 such g4's on E, hence 20a(d, 2d — 5) admissible coverings. 

(3c) X e E — {p}, y e C — {p}. In this situation deg(/c) = d and fc corresponds to one 
of the e{d, 2d — 5) coverings g^ on C having a triple point at p and another unspecified 
triple point at y G C. Then deg(/£;) = 3 and 3x = 3p, that is, there are 8 choices of 
the E'-aspect of /. We obtain X by attaching to C copies of P^ at the d — 3 points in 
fc^ifip)) ~ {p}f ^rid mapping these curves isomorphically onto /(C). 

By degeneration to [C Up E], we have found the relation for [C,p] G M-2d-5,i- 
N{d) = Ni{d) + 20a{d, 2d - 5) + 8a{d -l,2d-5) + 8e{d, 2d -5). 
This immediately leads to the claimed expression for A^^i (d). □ 

3. The class of the divisor 

The strategy to compute the class [19^^] is similar to the one employed by Eisen- 
bud and Harris in IIEHI to determine the class of the Brill-Noether divisors [-A/ig,rf] of 
curves with a g^ in the case p{g, r, d) = —1: We determine the restrictions of to 
M-o,g and M2A via obvious flag maps. However, because in the definition of l^id we 
allow 2 degrees of freedom for the triple ramification points, the calculations are much 
more intricate (and interesting) than in the case of Brill-Noether divisors. 
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Proposition 3.1. Consider the flag map j : Mo,g -Mg obtained by attaching g general 
elliptic tails at the g marked points. Then j*{iyid) = 0. If we have a linear relation 

d-2 ■( - ') 

l^d = a A - ^ 6i <5i G Pic(7Wg), then h = -^^—^h, for l<i<d-2. 

Proof. The second part of the statement is a consequence of the first: For an effective 
divisor D = aX — YliZo ^i^i ^ Pic(A^g) satisfying the condition j*{D) = 0, we have the 
relations among its coefficients: bi = ^^gZi bi for i > 1 (cf. IIEH[ Theorem 3.1). 

Suppose that [X := RUx^ EiU . . . U^g Eg] G j(A^o,g) is a flag curve corresponding 
to a ^-stable rational curve [R,xi, . . . , Xg]. The elliptic tails {-Ejjf^i are general and we 
may assume that all the j-invariants are different from 0. In particular, none of the 
[Ei,Xi]'s carries a qI with triple ramification points at Xi and at two unspecified points 
x,y e Ei — {xi}. Assuming that [X] G 19^^, there exists I G g]i(X) a limit q^, together 
with distinct ramification points x ^ y £ X, such that a[ (x) > 3 and a[{y) > 3. By 
blowing-up if necessary the nodes Xj (that is, by inserting chains of 's at the points 
Xi), we may assume that both x, y are smooth points of X. 

We make use of the following facts: On R we have that the inequality 

p{Ir,xi, ...,Xg,zi,...,zt)> 0, 

for any choice of distinct points zi,. . . ,zt G R — {xi, . . . , Xg}. On the elliptic tails, we 
have that p{lEi,Xi, z) > —1, for any point z £ Ei — {xi}, with equality only if z — Xj G 
Pic''(£'i) is a torsion class. Using these remarks as well as and the additivity of the 
Brill-Noether number of I, since p{l, x, y) = —3 it follows that there must exist an index 
1 < « < 5 such that x,y G Ei — {xj}, and p{lE^,Xi,x,y) = —3. This implies that 
a'^i (xi) = {d — 3, d) and that lEi{—{d — 2>)xi) G G\{Ei) has triple ramification points at 
distinct points Xj, x and y. This can happen only if Ei is isomorphic to the Fermat cubic, 
a contradiction. □ 

The next result highlights the difference between T9^ and all the other geometric 
divisors in the literature, cf. IIHMII . IIEHII . IIHll , llFaTll . llFa2ll : is the first example of a 
geometric divisor on Mg not pulled-back from the space M^g of pseudo-stable curves. 

Proposition 3.2, If^d = a A - Xlto G Y-'iciMg), then a - 126o + 6i = 4a(d, 2d - 4). 

Proof. We use a standard test curve in M.g obtained by attaching to the marked point 
of a general pointed curve [C, q\ G A^2d-4,i a pencil of plane cubics. If i? C Mg is the 
family induced by this pencils, then clearly R - \ = 1,R ■ 5q = 12,R- 5i = —1 and 
R-5j = Q for j > 2. 

Set-theoretically, i^nT^H^ consists of the points corresponding to the elliptic curves 
[E,q\ in the pencil, for which there exists / G G\{E) as well as two distinct points 
x,y G E — {q} with a\{q) = a'^(x) = a}i{y) = 3 (It is a standard limit linear series 
argument to show that the triple points of the limit must specialize to the ellip- 
tic tail). Then E must be isomorphic to the Fermat cubic, (thus j{E) = 0, and this 



THE FERMAT CUBIC AND SPECIAL HURWITZ LOCI IN A^g 



9 



curve appears 12 times in the pencil. The pencil / G Gl{E) is of course uniquely deter- 
mined. Since Aut(£^, q) = Z/6Z while a generic element from Aii^i has automorphism 
group Z/2Z, each point of intersection will contribute 4 = 24/6 times in the intersection 
R n TlHrf. On the side of the genus 2d — 4 component, we count pencils L G (C) with 
o-iiQ) > 3. Using Proposition 12. 1 1 their number is finite and equal to a{d, 2d — 4), hence 
= 4a(d,2d-4). □ 



Next we describe the restriction of 19^^ under the map x '■ -^2,1 A^2d-3 ob- 
tained by attaching a fixed tail B of genus 2d — 5 to each pointed curve [C,p] G A^2,i- 
It is revealing to compare Theorem 11.21 to Propositions 4.1 and 5.5 in IEH|: When 
p{g,r,d) = — 1, the pull-back of the Brill-Noether divisor x*{-M-g,d) is irreducible and 
supported on W. By contrast, l^id displays a much richer geometry. 

Proof of Theorem [L2l We fix a general pointed curve [B,p] G 2d- 5,1- For each [C,p] G 

M2,i, we study degree d admissible coverings [/ : X R, qi, q2;pi, . . . ,^6^-12] G 
with source curve X stably equivalent to C Up B, and target R a nodal curve of genus 0. 
Moreover, / is assumed to have distinct points of triple ramification x, y G Xj-cg, where 
/(x) = qi and f{y) = q2.It is easy to check that both x and y must lie either on C or on 
B (and not on rational components of X we may insert). Depending on their position 
we distinguish four cases: 

(i) x,y e B. A parameter count shows that deg(/B) = d and p e B must be a simple 
ramification point for /b- By compatibility of ramification sequences at p, then fc must 
also be simply ramified at p, that is, j? G C is a Weierstrass point and fc is induced by 
\Oc{2p)\. There is a canonical way of completing {fc, fs} to an element in Sjd, by at- 
taching rational curves to B at the points in /^^(/(p)) — {p}. For a fixed [C,p] G W, the 

— tr 

Hurwitz scheme is smooth at each of the points t G corresponding to an admissible 
coverings {fc, Ib} of the type described above. Since t has no automorphisms permut- 
ing some of the branch points, it follows that 9jd = /®2 x ©6^-12 is also smooth at 
each of the Ni{d) points in the fibre a^^{[C Up B]). This implies that Ni{d) ■ W appears 
as an irreducible component in the pull-back divisor x*{'^^d)- 

(ii) x,y e C, deg(/B) = d. Clearly deg(/c) > 4 and the 5-aspect of the covering must 
have a 4-fold point at p. There are a{d, 2d — 5) choices for /s, whereas fc corresponds 
to a linear series Ic G G\{C) with af (p) = 4 and which has two other points of triple 
ramification. To obtain the domain of an admissible covering, we attach to B rational 
curves at the {d — 4) points in /^^(/(p)) — {p}. We map these curves isomorphically 
onto fc{C)- The divisor a{d, 2fi — 5) • D3 is an irreducible component of x*(2^^d)- 

(iii) x,y e C, deg(/B) = d — I. In this case the S-aspect corresponds to one of the 
a{d — l,2d — 5) linear series Ib G G^_-^^{B) with simple ramification at p, while fc is 
a degree 3 covering having two unspecified points of triple ramification and simple 
ramification at p G C. To obtain a point in Sjd, we attach a rational curve T' to C at 
the remaining point in f(f^{f{p) — {p}. We then map T' isomorphically onto fB{B). 
Next, we attach d — 3 rational curves to B at the points /^^(/(p)) — {p}, which we map 
isomorphically onto fc{C). Each resulting admissible covering has no automorphisms 
and is a smooth point of S)d- Thus a[d — 1, 2(i — 5) • P2 is a component of x*(2^^d)- 
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(iv) X £ C,y e B. After a moment of reflection we conclude that deg(/B) = d, that is, 
/b corresponds to one of the e{d, 2d — 5) coverings Ib G G^^{B) with af{p) = 3 and 
a''^ (y) = 3 at some unspecified point y £ B — {p}. The C-aspect of / is determined by 
the choice of a point x G C — {p} such that 3x = 3p. Hence e{d, 2d — 5) ■ Vi is the final 
irreducible component of x* {^"^d) ■ D 

As a consequence of Proposition 13.11 and Theorem [L2] we are in a position to de- 
termine all the 5j-coefficients (i > 1) in the expansion of TfHd in the basis of Vic{M.g): 

Theorem 3.3. J/fM^ = a A - YhZq h 5i £ Pic(A^ then we have that 

bi = ~ i{2d - 3 - i)(36d^ - 156^^ + 180d - 5), for all 1 < i < d - 2. 

Proof. We use the obvious relations X* ((52) = -ip,x*W = A, x*{^o) = ^o, X*{^i) = ^i- If 
for a class E G Pic(Al2,i) we denote by (E)^ the coefficient of V' in its expansion in the 
basis {4^, A, 60} of Pic(A^2,i) (see also the next section for details on the divisor theory 
of M2,i), then, using Proposition l3.2[ we can write the following relation: 

62 = ^J^^i = Ni{d){W)^+e{d,2d-5){Vi)^+a{d-l,2d-5){V2UMd,2d-5){V3)^. 

We determine the coefficients (Vi)^ for 1 < i < 3 by intersecting each of these divisors 
with a general fibral curve F := {[C,p]}p^c C 7^2,1 of the projection vr : M2,i M2- 
(Note that (W)^ = 3). 

It is useful to recall that if [C, g] G 2,1 is a fixed general pointed curve and 
a > b > are integers, then the number of pairs {p, x) £ C x C,p x satisfying a linear 
equivalence relation a-x = b- p + {a — b)-qm Pic"(C), equals 

(5) r(a, 6) := 2(0^52 - 1). 

We start with Vi and note that F • Di is the number of pairs {x,p) £ C x C with x ^ p, 
such that 3x = 3p, which is equal tor (3, 3) = 160 and then (Pi) ^ = r(3, 3)/(2c/-2) = 80. 
To compute F ■ V2 we note that there are 80 = r(3, 3)/2 pencils L £ Wl{C) with two 
distinct triple ramification points. From the Hurwitz-Zeuthen formula, each such pencil 
has 4 more simple ramification points, thus (1^2)1/) = 4 x 80/ {2g — 2) = 160. Finally, 
F • D3 = no/2, where by uq we denote the number of pencils I £ Wl{C) having one 
unspecified point of total ramification and two further points of triple ramification, that 
is there exist mutually distinct points x,y,p £ C with a[ (p) = 4 and a[ {x) = a[ (y) = 3. 

We compute no by letting C specialize to a curve of compact type [Co := Ci Ug C2], 

where [Ci,q], [C2, £ Mi^i. Then no is the number of admissible coverings f : X ^ R, 
where R is of genus and X is stably equivalent to Co and has a 4-fold ramification 
point p £ Xicg and triple ramification points x,y £ Xj-cg. We distinguish three cases: 

(i) x,y £ C2 and p £ Ci (Or x,y £ Ci and p £ C2). In this case deg(/c7j = deg(/c2) = 4 
and we have the linear equivalence 4p = 4g on Ci. This yields 15 choices for p q. On 
C2 we count g4's with total ramification at q, and two unspecified triple points. This 
number is equal to 20 (see the proof of Froposition l2.2|) . Reversing the role of Ci and C2 
we double the number of coverings and we find 600 = 2 • 15 • 20 admissible g\'s. 
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(ii) x,p e C2 and y e Ci (Or x,p G Ci and y € C2). In this situation deg(/ci) = 3 
and deg(/c2) = 4 and on Ci we have the linear equivalence 3y = 3q, which gives 8 
choices for y. On C2 we count /c'2 ^ G4{C2) in which two unspecified points p,x e C2 

appear with multiplicities 4 and 3 respectively, while a-^'^ (q) = 3. By translation, this 
is the same as the number of pairs of distinct points {u, v) e C2 — {q} x C2 — {q} such 
that there exists I2 G Gl{C2) with a'f^(g) = 4:,a^{x) = ai{y) = 3. This number equals 
40 (again, see the proof of Proposition l2.2|l . By reversing the role of Ci and C2 the total 
number of coverings in case (ii) is 640 = 2 • 8 • 40. 

(iii) x,y,p £ Ci (or x,y,p e C2). A quick parameter count shows that deg(/c2) = 2 and 
multg(/c2) = iTiultg(/ci) = 2. Hence fc2 is induced by |Cc2(2'?)|- On Ci we count 04's 
in which the points p, x, y, q appear with multiplicities 4, 3, 3 and 2 respectively. The 
translation on C2 from pto q shows that we are yet again in the situation of Proposition 
I2.2l and this last number is 20. We interchange Ci and C2 and we find 40 admissible 04's 
on Ci U C2 with all the non-ordinary ramification concentrated on a single component. 

By adding (i), (ii) and (iii) together, we obtain no = 600 + 640 + 40 = 1280. This 
determines (Ps)^ = no/{2g — 2) = 640 and completes the proof. □ 



4. The divisor theory of M2,i 



The remaining part of the calculation of [19^^] has been reduced to the problem of 
determining the divisor classes [Vi] {i = 1, 2, 3) on M-2,i- We recall some things about 
divisor theory on this space (see also fEHj). There are two boundary divisor classes: 

• 60, whose generic point is an irreducible 1-pointed nodal curve of genus 2. 

• Si, with generic point being a transversal union of two elliptic curves with the marked 
point lying on one of the components. 

If vr : A^2,i is the universal curve then ^/^ := ci(a;7r) G Pic(A42,i) denotes 

the tautological class and A = vr*(A) G Pic(7W2,i) is the Hodge class. Unlike the case 
5 > 3, A is a boundary class on Ai2, and we have Mumford's genus 2 relation: 

A = -^0+3^1. 

The classes V", A and 5i form a basis of Pic(Al2,i) The class of the Weierstrass divisor 
has been computed in MEHI Theorem 2: 

(6) W = 3'tp-X-6i. 

We start by determining the class of Di of 3-torsion points: 
Proposition 4.1. The class of the closure in M.2,1 of the effective divisor 

Vi = {[C,p] G M2,i : 3x G C - {p} such that 3x = 3p} 
IS given by [Vi] = 80^; + 105o - 120A G Pic(AT2,i). 

Proof. We introduce the map X : A^2,i -A^4 given by x([C',p]) := [-B Up C], where [B,p] 
is a general 1-pointed curve of genus 2. On M.4 we have the divisor of curves with an 
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exceptional Weiers trass point Si := {[C] G Mi : 3x G C such that /i°(C, 3x) > 2}. Its 
class has been computed by Diaz [DiJ: Wi = 264A - SO^o - 965i - 128^2 e Fic(M4). 

We claim that x*(Si) = Pi + 16 • W. Indeed, let [C,p] G M2,i be such that 
x{[C,p]) G Di. Then there is a limit 33 on X := B Up C, say / = {/b, Ic}, which has a 
point of total ramification at some x G Xj-cg. There are two possibilities: 

(i) If X G then a's(p) = (0,3), hence h = |Ob(3p)|, while on C we have the linear 
equivalence 3p = 3x, that is, [C,p] G Vi. 

(ii) If X e B, then a'-'^{p) = (1,3), that is, p G -B is a Weierstrass point and moreover 
l(j = p + \Oc{2p)\. On B we have that a's(p) = (0,2) and a's(x) = (0,3), that is, 
cix = 2p + y for some y € B — {p, y}. There are r(3, 1) = 16 such pairs (x, y). 

Thus we have proved that x*(2)i) = Pi + 16 • W (We would have obtained the 
same conclusion using admissible coverings instead of limit 03 's). We find the formula 

for [Di] if we remember that x*(<^o) = Sq, X*{h) = ^i, X*{h) = -ip and x*W = ^- D 

4.1. The divisor T9^3 and the class of V2. We compute the class of the divisor V2 on 
M-2,1 by determining directly the class of T9^3 in genus 3 (In this case P3 = 0). Much 
of the set-up we develop here is valid for arbitrary d > 3 and will be used in the next 
section when we compute the class [TfH4] on M-5. We fix a general [C,p] G M.2d-i,\ arid 
introduce the following enumerative invariant: 

N2{d) := #{/ G G\{C) : 3x / y G C - M such that l{-2>x) / and l{-p - 2y) / 0}. 

For instance, A'^2(3) is the number of pairs {x^y) G C^C ,x ^ p ^ y such that 3x = p+2y, 
hence A^2(3) = r(3, 2) = 70 (cf. formula ©). 

For each d > 4 we fix a general pointed curve [B, q] G A^2d-5,i and define the invariant: 

iV3(d) := #{/ G G^(5) -.Bx^yeB-iq} such that /(-3x) / and l{-2q - 2y) / 0}. 

Theorem 4.2. The closure of the divisor XD^s := {[C] G : 3x / p G C wzf/j 3x = 3x} is 
linearly equivalent to the class 

T^3 = 2912A - 311(5o - 824(5i G Pic(AT3). 

It follows that V2 = -200A + 160V' + 175o e Pic(>[2,i)- 

Proof. For most of this proof we assume d > 3 and we specialize to the case of M.^ only 
at the very end. We write TtKd = a \ — bo 5q — ■ ■ ■ — bd-2 £ Pic(A^g) and we have 
already determined 61, ... , hii_2 (cf. Theorem I3.3|) while we know that a — 126o + hi = 
4a{d, 2d — 4) (cf. Proposition I3.2|) . We need one more relation involving a, 69 and 61, 
which we obtain by intersecting TD^^ with the test curve 

obtained from a general curve [C,q] G A^2d-4,i- The number C'^ • counts (with 
appropriate multiplicities) admissible coverings 

t := [f : X 'H R, qi,q2 : pi, . . . ,P6d-i2] mod 62 x ©6d-i2 G ^d, 
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where the source X is stably equivalent to the curve C '^{p.q] T {q £ C) obtained by 
"blowing-up" at the node and inserting a rational curve T. These covers should 
possess two points of triple ramification x,y G Xj-cg such that f{x) = qi,f{y) = (?2- 
Suppose t £ ■ iy{ and again we distinguish a number of possibilities: 

(i) x,y £ C. Then deg(/c) = d and fc corresponds to one of the N{d) linear series I G 
G\{C) with two points of triple ramification. The point g G C is such that l{—p — q)i^%, 
which, after having fixed /, gives d — \ choices. Clearly multg(/c) = multg(/r) = 1. 
This implies that deg(/T) = 2 and /t is given by \Ot{p + To obtain out of {fc, fs} 
a point t G , we attach rational curves to C at the points in {f{p)) — {p, q} and 
map these isomorphically onto the component friT) of R. Each such cover has an 
automorphism (f> : X ^ X of order 2 such that (f>c = idc/ 0T' = idr'/ for every rational 
component T' / T of X, but 0t interchanges the 2 branch points of T. Even though 

— tr 

t G Ti.^ is a smooth point (because there is no automorphism of X preserving all the 
ramification points of /), if r G &Gd-i2 is the involution exchanging the marked points 
lying on friT), then t ■ t = t. Therefore /&2 -Mg is simply ramified at t. In a 
general deformation [X TZ] of [f : X —>■ R] in we blow-down T and obtain a 
rational double point, hence the image ofTZin Aig meets Aq with multiplicity 2. Since 

l-t"^ /G2 -Mg is ramified anyway, it follows that each of the {d — l)N{d) admissible 
coverings found at this step is to be counted with multiplicity 1. 

(ii) X £ C,y T. Since C has only finitely many Q^_i's, all simply ramified and having 
no ramification in the fibre over q, we must have that deg(/c) = d and deg(/T) = 3. 
Moreover, C and T map via / onto the two components of the target R in such a way 
that fc{p) = fcig) = frip) = fc{(l)- In particular, both fc and fx are simply ramified at 
either p or q. If fc is ramified at g G C, then fc is induced by one of the e{d, 2d— 4) linear 
series / G G\{C) with one unassigned point of triple ramification and one assigned 
point of simple ramification. Having fixed /, there are d — 2 choices for p £ C such that 
l{—2q — p) %■ On T there is a unique 33 corresponding to a map : T ^ such 
that /^(O) = 2q + p and f}{cc) = 3y, for some y £ T — {q,p}. Finally, we attach d — 3 
rational curves to C at the points in f^^{f{q)) — {p, q} and we map these components 
isomorphically onto friT). 

The other possibility is that fc is unramified at q and ramified at p. The number of 
such Q^'s is (d) . On the side of T, there is a unique way of choosing : T ^ such 
that f^{0) = q + 2p and f^{oo) = 2>y. Because the map a : S^d ^ Mg blows-down the 
component T, if [X ^ 7^] is a general deformation oi[f : X ^ R] then (t{TZ) meets Aq 
with multiplicity 3 (see also [DiJ, pg. 47-52). Thus TO^^- Aq has multiplicity 3 at the point 
[C /p ~ q]. The admissible coverings constructed at this step have no automorphisms, 
hence they each must be counted with multiplicity 3. This yields a total contribution of 
3{d-2)e{d, 2d - 4) + 3N2{d) . 

(iii) x,y £T—{p,q}. Here there are two subcases. First, we assume that deg(/c) = d— 1, 
that is, fc is induced by one of the (^^'^X)\(^l2)\ linear series I G G\_i{C). For each such 
I, there are d — 2 possibilities for p such that l{—q — p) Clearly deg(/T) = 3 and 
the admissible covering / is constructed as follows: Choose /t : T — > P^ such that 
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f*[0) = 3x, /^(oo) = 3y and /^(l) =p + q + q'.We map C to the component of R other 
than MT) by using / G and /c(p) = Mp) and = /tCc?)- We attach to 

T a rational curve T' at the point q' and map T' isomorphically onto /(C). Finally we 
attach d — 3 rational curves to C at the points in f^^{f{q)) — {q,p}- Each of these i^^Zi) 
elements of \)d is counted with multiplicity 2. 

We finally deal with the case deg(/c) = d. Since a 03 on with two points of 
total ramification must be unramified everywhere else, it follows that deg(/T) > 4. The 
generality assumption on [C, q\ implies that deg(/T) = 4. The C-aspect of / is induced 
by I G G\{C) for which there are integers 7 > 1 with /3 + 7 = 4 and a point p G C 
such that l{—(3p — jq) / 0. Proposition 12.11 gives the number c{d,2d — 4,7) of such 

/ G G^CC). On the side of T, we choose /r : T P^ such that /|.(0) = 3x, /^(oo) = 3y 
and f^{l) = (3p + jq. When 7 G {1,3}, up to isomorphism there is a unique such fx 
having 3 triple ramification points. By direct computation we have the formula: 

which has the properties that f^\o) = f^\oo) = f^\l) = 0, for i = 1, 2. When 7 = 2, 
there are two 04's with 2 points of triple ramification and 2 points of simple ramification 
lying in the same fibre. It is important to point out that fr (and hence the admissible 
covering / as well), has an automorphism of order 2 which preserves the points of 
attachment p,q & T but interchanges x and y (In coordinates, if a; = 0, ?/ = 00 G T, 
check that fril/t) = 1/ frit)). This implies that Tt^ Aid is (simply) ramified at 
[X ^ R]. Furthermore, a calculation similar to [DiJ pg. 47-50, shows that the image in 
M.g of a generic deformation in T-t^ of [X T] meets the divisor Aq with multiplicity 
4 = /? + 7. It follows that TD^rf • Aq has multiplicity 4/2 = 2 in a neighbourhood of 
[C/p ~ q], that is, each covering found at this step gets counted with multiplicity 2 in 
the product (7° • TIH. Coverings of this type give a contribution of 



2c{d, 2d - 4, 1) + 2c{d, 2d - 4, 3) + Ac{d, 2d - 4, 2) = 128 ( 

Thus we can write the following equation: 

(7) (25-2)60-61 = C7°-T^rf = 

= {d- l)N{d) + 3N2{d) + 3{d - 2)e{d, 2d - A) + 128 (^"^ ~ + 2 (^^~^^ ■ 
For d = 3, when N2{d) = 70, all terms in ^ are known and this finishes the proof. □ 



5. The divisor 19^5 and the class of P3 

In this section we finish the computation of [T9^d] (and implicitly compute [D3] G 
Pic(7M2,i) arid determine N2{d) for all d > 3 as well). According to (O it suffices to 
compute N2{4:) to determine [19^4] G Pic(A^5). Then applying Theorem [L2] we obtain 
[D3] which will finish the calculation of [T9ld] for g = 2d — 3. We summarize some of 
the enumerative results needed in this section: 
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Proposition 5.1. ]Ne fix a general 2-pointed elliptic curve [E,p, q] G M.i,2- 

(a) There are 11 pencils I G Gl{E) such that there exist distinct points x,y e E — {p, q} with 

a[{x) = 3, a[{q) = 2 and l{-p - 2y) / 0. 

(b) There are 38 pencils I G G\{E) such that there exist distinct points x,y E E — {p, q} with 
a[{p) = 4, a[{x) = 3 and l{~q - 2y) 7^ 0. 

Proof, (a) We denote by U the closure mE x E of the locus 

{{u,v) eEx E-A:3le Gl{E) such that 4(g) = 3, a[{u) > 2, a{{v) > 2} 

and denote by Fj the (numerical class of the) fibre of the projection Hi : E x E ^ E for 
i = 1, 2. Using that U H A = {{u,u) : u q, 3u = 3q} (this intersection is transversal!), 
it follows that U = 4(Fi + F2) — A. li q G £^ is viewed as the origin of E, then the 
isomorphism Ex E 3 {x,y) {—x, y — x)eExE shows that the number of I G Gl{E) 
we are computing, equals the intersection number U ■ V on E x E, where 

V := {{u, v) e E X E : 2v + u = 4q - p}. 

Since V = 3Fi + 6F2 — 2A, we reach the stated answer by direct calculation. 

(b) We specialize [E,p,q] G M.1,2 to the stable curve [E T,p,q] G where 

[r, r,p, q] G A^o,3- count admissible coverings [/ : X R,p, q], where p,q £ ^rcg/ 
i? is a nodal curve of genus and there exist points x,y e Xj-eg with the property that 
the divisors 4p, 3x,q + 2y on X all appear in distinct fibres of /. Moreover [X,p, q] is a 
pointed curve stably equivalent to [E T,p, q]. There are three possibilities: 

(1) x,y £ E. Then fr'-T'H (P^)i is uniquely determined by the properties f^{0) = 4p 

and f^{oo) = 3r + q, while Je-E'^ (P^)2 is such that r and some point x e E — {r} 
appear as points of total ramification. In particular, 3x = 3r on E, which gives 8 choices 
for X. Each such has 2 remaining points of simple ramification, say yi , 1/2 £ E and 
we take a rational curve T' which we attach to T at g and map isomorphically onto 
(P^)2. Choose q e T' with the property that f(q) = fEiUi) for i G {1, 2} and obviously 
p = p eT. This procedure produces 16 = 8 • 2 admissible q\'s. 

{2)x eT, y G E. Now fr'-T^ (P^)i has the properties /|.(0) = Ap, f^{l) > 2r + q 
and /l'(oo) > 3x for some x G T (Up to isomorphism, there are 2 choices for /t). Then 

/e ■ E (P^)2 is ramified at r and at some point y £ E — {r} such that 2y = 2r. 
This gives 3 choices for Je- We attach two rational curve T' and T" to T at the points 
q and q' G f^^{f{q)) — {r, q} respectively. We then map T' and T" isomorphically onto 
(P^)2. Finally we choose p = p e T and q e T' uniquely determined by the condition 
fr'ig) = fsiy)- We have produced 6 = 2-3 coverings. 

(3) X £ E,y £ T. Counting ramification points on T we quickly see that deg(/£;) = 3 
and Je- E ^ is such that /^(O) = 3a; and /|;(oo) = 3r, which gives 8 choices for 

fE- Moreover fr-.T'H (pi)i must satisfy the properties /^(O) = 4p, /^(l) > q + 2y 
and /r(oo) = 3r + r' for some r' £ T. If [T,p, q, r] = [P\ 0, 1, 00] G Mo,3, then 

/^(*) = ^^^^^ ^ I 4 ' 4 }• 
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Thus we obtain another 16 = 8 - 2 admissible g4's in this case. Adding (1), (2) and (3), we 
found 38 = 16 + 6 + 16 admissible coverings q\ onEUrT and this finishes the proof. □ 

Proposition 5.2. We fix a general pointed curve [C,p] G Then there are 210 pencils 

I = Oc{2p + 2x) G G\{C), X € C, having an unspecified triple point. 

Proof. We define the map (f) : C x C ^ Pic^(C) given by 

(t>{x,y) := Oc{2p + 2x-3y). 

A standard calculation shows that 0*(VFi(C)) = g{g - 1) • 2^ • 3^ = 216 (Use Poincare's 
formula [Wi{C)] = 6^/2). Set-theoretically it is clear that (j)*{Wi{C)) n A = {{p,p)}. A 
local calculation similar to [Dill pg. 34-36, shows that the intersection multiplicity at the 
point {p,p) is equal to 6 = g{g — 1), hence the answer to our question. □ 

5.1. The invariant N2{d). We have reached the final step of our calculation and we 
now compute N2(d). We denote by Ad the Hurwitz stack parameterizing admissible 
coverings of degree d 

t-=[f- {X,p) R, qo;po; pi, • • • ,P6d-i3], 

where [X,p] is a pointed nodal curve of genus 2d — 4, [R, qo;po ■ Pi, ■ ■ ■ ,P6d-i3] is a 
pointed nodal curve of genus 0, and / is an admissible covering in the sense of IIHM| 
having a point of triple ramification x € f^^{qo), a point of simple ramification y S 
X — {p} such that /(y) = f{p) = Po and points of simple ramification in the fibres over 
Pi, . . . ,P6d-i3- The symmetric group ©ed-is acts on Ad by permuting the branch points 
Pi, . . . ,P6d-i3 and the stabilization map 

(j) : Ad/&fid-i3 'M2d-i,i, (t>{t) ■■= [X,p] 
is generically finite of degree N2{d). 

We completely describe the fibre (f)~^{[C E,p]), where [C,q] G ^^2^-5,1 and 
[E, q,p] G M-1,2 are general pointed curves. We count admissible covers / : {X,p) R 
as above, where [X,p] is stably equivalent to [C Uq E,p]. Depending on the position of 
the ramification points x,y £ X we distinguish between the following cases: 

(i) X G C,y G E. From Brill-Noether theory, we know that deg(/c) G {d — l,d}. If 
deg(/c) = d, then one possibility is that both fc and /e are triply ramified at q. In this 
case fc is induced by one of the e{d, 2d — 5) linear series / G G^{C) with l{—3q) 7^ 
and /(— 3x) / 0, for some x G C — {q}. The covering fE is of degree 3 and it induces a 
linear equivalence 3q = 2y + pon E which has 4 solutions y £ E. To obtain X we attach 
to C rational curves at the d — 3 points in /^^(/(g)) — {q}. We have exhibited in this 
way 4e(d, 2d — 5) automorphism-free points in (/)~^ ( [C Ug E, p] ) which are counted with 
multiplicity 1. Another possibility is that both fc and fE are simply ramified at q and 
the fibre fc^{f{q)) contains a second point z ^ q of simple ramification. The number of 

such I G G\{C) has been denoted by N3{d). Having chosen fc, then fE'.E'H (P^)2 is 

induced by \ OEi2q)\. Then we attach a rational curve T to C at z, and we map T ^ (P^)2 
using the linear system \ OT{2q)\ in such a way that the remaining ramification point of 
fx maps to fsip)- We produce N^^id) smooth points of Ad/&6d-i3 via this construction. 
In both these cases p = p e CUE. 
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(ii) x,y e C. Now deg(/c) = d — 1 and fc is induced by one of the b{d — l,2d — 5) = 
e{d—l,2d—5) linear series / G G^_i(C) with/(— Sx) / for some x G C— {p}. Moreover, 
fc{q) is not a branch point of fc which implies that deg(/£;) = 2 and that /e is induced 
by |C's(p + Obviously, fc and Z^; map to different components of R. To obtain the 
source {X, p) of our covering, we first attach d — 2 rational curves to C at all the points 
in fc^{f{q)) — {q} and map these curves 1 : 1 onto fsiE). Then we attach a curve 
T' = P^, this time to E at the point q and map T' isomorphically onto fc{C)- The point 
q ^ X lies on the tail T' and is characterized by the property fx'iP) = fc{y), where 
y G C is one of the Qd — 16 simple ramification points of /. This procedure produces 
(6(i — 16)6(d — 1, 2(i — 5) admissible coverings in 4>^^{[C E,p\). 

(iii) X e E,y e E. If deg(/c) = d, then deg(/£;) > 4 and fc is given by one of the 

a{d,2d - 5) linear series I G G\{C) such that l{-4q) / 0. Then fs-.E^F^ has the 
properties that (up to an automorphism of the base) /|;(0) = 4q, > p + 2y and 

/*(oo) > 3x, for some points x,y G — {p, g}. The number of such gl's has been 
computed in Proposition 15.11 (b) and it is equal to 38. Therefore this case produces 
58a{d, 2d — 5) coverings. If on the contrary, deg(/c) = d — 1, then fc is induced by one 

ofthea(d-l,2d-5) linear series / G G^„i(C) such that /(-2g) / 0, while /ij : E^-^FUs 
such that (up to an automorphism of the base) f^iO) > 2q, /|;(1) = p + 2y, /|;(cxd) = 3x 
for some x,y ^ E — {p, q}. After making these choices, we attach d — 3 rational curves 
to C at the point {g'} = fc^{f{q)) — {<?} and we map these isomorphically onto fE{E). 
Furthermore, we attach a rational curve T' to E at the point {q'} = f^^ifiq)) — {q} and 
map T' isomorphically onto fc{C)- Using Proposition IS . 1 1 (a) , we obtain llo(d— 1, 2d— 5) 
admissible coverings. Altogether part (iii) provides 38a{d —l,2d — 5) + lla(d — 1, 2d — 5) 
points in ^d/66<i-i3- 

(iv) X G y G C. In this case, since p and y lie in different components, we know that 
we have to "blow-up" the point p and insert a rational curve which is mapped to the 
component fc{C) of R. Thus deg(/c) < d — 1, and by Brill-Noether theory it follows 
that deg(/c) = d — l. Precisely, fc is induced by one of the a{d — l,2d — 5) linear series 

I G G]^-iiC) such that l{—2q) / 0. Furthermore, fs'-E^V^ can be chosen such that 
/|;(0) = p + 2q and f%{oo) = 3x for some x e E. This gives the linear equivalence 
3x = p + 2q on E which has 9 solutions. We attach d — 3 rational curves at the points in 
/c^ (/(?)) ~ {q} ^rid map these 1 : 1 onto fsiE). Finally, we attach a rational curve T' to 
E at the point p and map T' such that /(T') = /(C). We pick p e T' with the property 
that fr'iP) = fc{y), where y G C is one of the 6d — 15 ramification points of fc- We 
have obtained 9(6(i — \b)a{d — \,2d — 5) admissible coverings in this way. 

We have completely described ct)^^{[C Ug E, p] ) and it is easy to check that all these 
coverings have no automorphisms, hence they give rise to smooth points in Ad and that 
the map is unramified at each of these points. Thus 

N2{d) = deg((/>) = 4e(d, 2d - 5) + (6d - 16)6(d - 1, 2d - 5) + 38a(d, 2d - 5)+ 

+lla(d - 1, 2d - 5) + 9(6d - 15) a(d - 1, 2d - 5) + iV3(d). 

For d = 4, we know that A'^3(4) = 210 (cf. Proposition |5.2[) , which determines A'^2(4) and 
the class [D3]. We record these results: 
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Theorem 5.3. The locus D3 of pointed curves [C,p] G M-2,1 with a pencil I € G\{C) totally 
ramified at p and having two points of triple ramification, is a divisor on M.2,i- The class of its 
compactification in M.2,1 is given by the formula: 

Vi = 640V' - 860A + 725o e Pic(AT2,i). 

Theorem 5.4. For a general pointed curve [C^p] G 7W2d-4,i the number of pencils L G W):{C) 
satisfying the conditions 

h^{L ® Oc{-2,x)) > 1 and h^{L ® Oc{-p - 2y)) > 1 

for some points x,y G C — {p}, is equal to 

6(40^2 - 179(i + 212) {2d - 4)1 



N2{d) 



d\ (d-3)! 



Remark 5.5. As a check, for d = the number ^^^^2(3) computes the number of pairs 
{x,y) G C X C such that p ^ x ^ y p and 3x = p + 2y. This number is equal to 
r(3, 2) = 70 which matches Theorem 15.41 

Theorem 5.6. We fix an integer d > A. For a general pointed curve [C,p] G A^2d-5,i/ ihe 
number of pencils L G W}{C) satisfying the conditions 

h^{L ® Oc{-'ix)) > 1 and h^{L ® Oci-2p - 2y)) > 1 

for some points x,y G C — {p}, is equal to 

, 84((f - 3) {2d^ - Wd + 13) {2d - 4) ! 

^^^^^ = dHd^i • 

Remark 5.7. For d = 4, Theorem 15.61 speciaHzes to Proposition 15.21 and we find again 
thatiV3(4) = 210. 



References 

[ACV] D. Abramovich, A. Corti and A. Vistoli, Twisted bundles and admissible coverings, Communications 

in Algebra 8 (2003), 3547-3618. 

[BR] J. Berlin and M. Romagny, Champs de HMra;ite,|math.AG/070 1680| 

[Di] S. Diaz, Exceptional Weierstrass points and the divisor on moduli space that they define, Memoirs of the 
American Mathematical Society 327 (1985). 

[Fal] G. Parkas, Koszul divisors on moduli spaces of curves, \maXh.AG7 0607475,. to appear in American Jour- 
nal of Mathematics (2008). 

[Fa2] G. Farkas, Syzygies of curves and the effective cone of Mg, Duke Mathematical Journal 135 (2006), 
53-98. 

[Ful] W. Fulton, Intersection theory, Ergebnisse der Mathematik und ihrer Grenzgebiete, Springer Verlag, 
second edition 1997. 

[Fu2] W. Fulton, Hurivitz schemes and the irreducibility of the moduli of algebraic curves. Annals of Mathemat- 
ics 90 (1969), 542575. 

[FP] C. Paber and R. Pandharipande, Relative maps and tautological classes, Journal of the European Math- 
ematical Society 7 (2005), 13-49. 

[H] J. Harris, The Kodaira dimension of the moduli space of curves, 11: The even genus case, Inventiones Math- 
ematicae 75 (1984), 437-466. 

[Hu] A. Hurwitz, A, Uber Riemann'sche Fldchen mit gegebenen Verzweigungspunkten, Mathematische An- 
nalen 39 (1891), 1- 61. 

[EH] D. Eisenbud and J. Harris, The Kodaira dimension of the moduli space of curves of genus > 23, Inven- 
tiones Mathematicae 90 (1987), 359-387. 



THE FERMAT CUBIC AND SPECIAL HURWITZ LOCI IN A^g 19 

[HM] J. Harris and D. Mumford, On the Kodaira dimension of the moduli space of curves, Inventiones Mathe- 
maticae 67 (1982), 23-86. 

[HH] B. Hassett and D. Hyeon, Log canonical models for the moduli space of curves: First divisorial contraction, 
math. AG/0607477 

[S] D. Schubert, A new compactification of the moduli space of curves, Compositio Math. 78 (1991), 297-313. 

Humboldt Universitat zu Berlin, Institut fur Mathematik, 10099 Berlin 
E-mail address: f arkasSmath . hu-berlin . de 



